The stability of an N-component stellar disk with finite thickness is examined with the gas dynamical approximation. The dispersion relation for marginal stability is obtained.
It is well known that the observed mass density in the solar neighborhood is about a half of the dynamical mass density. 1 l A solution to this problem has once been given by \Veistrop 2 l and by Murray and Sanduleak. 3 l They have claimed from their observations that the missing mass in the solar neighborhood consists of late .lYf-type dwarfs. However, recent controversies on this problem 4 l, 5 l have revealed that their results are doubtful, and we must consider that the missing mass has not yet been identified. It may consist of fainter M-type dwarfs, white dwarfs and/or more exotic objects such as black holes.
On the other hand, the density wave theory 6 l prevails nowadays among the theories of spiral arms. According to this theory, unless the velocity dispersion is greater than Toomre's minimum dispersion,n the Galactic disk breaks into pieces and well-ordered spiral structures cannot be seen. 8 l Usually the Galactic disk is considered to satisfy Toomre's criterion on the assumption that the velocity dispersion of the missing mass is the same as that of the observed stars. 6 l However, as the velocity dispersion of the missing mass is unknown, the stellar disk of at least two components should be examined to check the stability of the Galactic disk. Here the two components represent the observed mass component and the missing mass component. Alternatively, the requirement that the Galactic disk should be locally stable will give a constraint on the velocity dispersion of the missing mass. To clarify this problem the local stability of an N-component stellar disk is studied in this paper. The N-component stellar disk is approximated as an Ncomponent gaseous system each component of which is isothermal and has a different velocity dispersion from the others. Each component is assumed to interact with the others only gravitationally. This approximation should be good because in the one-component case Toomre's criteria are almost the same both for a stellar system and for a gaseous system. In § 2 we give the dispersion relation for an infinitesimally thin disk with N-components. The results for N = 2 are the same as those by Biermann!) who made use of the moment equation of the Vlasov equation.
In § 3 the effect of the finite thickness of the disk is taken into account. As the missing mass problem in the solar neighborhood is not concerned with the surface density at the sun but the local mass density, 9 l the finite thickness is crucial to this problem. The condition to give a marginally stable state is obtained for the N-component stellar system. This can be considered as an extension of T oomre' s criterion.
In § 4 the above condition is solved numerically for N = 2 and a constraint on the velocity dispersion of the missing mass component is obtained. § 2. The stability of an N-component stellar disk with infinitesimally thin thickness So far as the criterion for the gravitational instability of an infinitesimally thin stellar disk is concerned, the gas dynamical description of this system will give the same results as those by Vlasov description. This is because the Vlasov description of a one-component stellar disk yields Toomre's minimum dispersion 3.36 GrJ I IC,7l which is almost equal to the minimum sound velocity of a one-component gaseous disk, nGrJ I IC, where G is the gravitational constant and (J and /C are the surface density and the epicyclic frequency of the disk, respectively. By using the usual method the dispersion relation of an N-component gaseous disk is obtained as6l, *l
where ci and ~i are the sound velocity and the unperturbed surface density of the i-th component, respectively, and k is the wave number of the ring mode perturbation. Equation (2 ·1) together with its complex conjugate yields the relation
(2· 2) i=l As Eq. (2 · 2) means that ()) 2 is real, it is sufficient for the stability problem to investigate the marginally stable case, i.e., ()) = 0. The dispersion relation for a marginally stable state becomes *l In the case of non-rotating disk, this dispersion relation corresponds to Eq. In the case of N = 1, c1min is Toomre's minimum dispersion for a gaseous system.
The function f(x;) is shown in Fig. 1 . From Fig. 1 , it is found that if one of C; is smaller than c;min, the right-hand side of Eq. (2 · 3) is greater than 1 in the vicinity of k = JCI ci. This means that the system is unstable if,
As c;min may be considered as Toomre's minimum dispersion of the i-th component, Eq. (2 · 4) shows that if one of the components is cold enough, that is, the velocity dispersion is smaller than its minimum dispersion, the system is inevitably unstable and addition of hotter components cannot stabilize the system. This fact is remarkable for the N-component system.
The necessary and sufficient condition for stability is that Eq. The system in case (A) lies on the dash-dotted line in Fig. 2 , and in case (B) on the dashed line. In case (A), as the system lies outside the stable region for a<1, it is concluded that c2 must be grater than ch i.e., the velocity dispersion of the missing mass must be greater than 35 kmlsec. On the contrary, c2 can be smaller than c1 in case (B). For example, if a= 0.3, i.e., c2 = 10.5 kmlsec, the maximum value of 6"2l6"tot is about 0.3 in order that the system is stable. This result is essentially the same as that by Biermann, 4 l though his analysis is based on the moment equation of Vlasov equation.
As the disk is assumed to be infinitesimally thin in this section, we cannot say anything about the local mass density in the solar neighborhood. However the missing mass problem is just concerned with it. In the next section, taking into account the thickness of the stellar disk, we will give a constraint on the velocity dispersion of the missing mass. § 3. The stability of an N-component stellar disk with finite thickness
In this section the finite thickness of the stellar disk is taken into account. Each stellar component is approximated by the isothermal gas with isotropic pressure tensor.
a) The equilibrium state
The equilibrium state is assumed to be axisymmetric and plane symmetric. In (fJ direction, the centrifugal force is assumed to be balanced by the gravitational force for each component. Then the equilibrium state is determined by (3. 7)
In the limit of small wave length perturbation, 1.e., /::m~1, the linear perturbed equations become (3. 8) The second boundary condition means that there is no mass flow at the infinite. 
\V here J = ~ df,l dz-h,dj;j dz, and "'1 and B are constants which will be determined by the boundary conditions. As the (5/s tend to zero at z = ±co, the asymptotic forms of j 1 and ! 2 are j 1 "-'Cosh (kz) and j,"-'sinh (kz).
In order that if/ must be finite at z = ±co, B should be zero since the third and fourth terms of Eq. (3 ·14) are even functions. The costant A is also determined by this boundary condition. The determination of A, i.e., the solution of Eq. (3 ·13), can be performed as follows: In the first place, solve the next equation Pi=exp(-(f/(ci 2 /C; 2 ) ) , This shows that the effect of finite thickness appears to stabilize the system through the decrease of cmin by a factor of about 1.5 compared with the case of zero thickness. Fig. 5 . By comparing Fig. 5 with Fig. 2 , it can be seen that Fig. 5 scales up Fig. 2 by a factor of about 1.5. This is also the result Other values of a also give similar results to that of a= 0.3. Therefore, case (B) is denied.
2) Case (A)
The case of a= 0.3 and P2c = 2p1, corresponds to the point C in Fig. 5 taken into account. In Fig. 6 the force in the z-direction is shown in this case. i.e., J\irv/pc'.
The surface density at the sun is uncertain. However it is clear from Fig. 5 thnt the surface density greater than the value of Schmidt model makes the situation worse, that is, the minimum value of a for stabilization increases. On the other hand, as shown in case (B), the surface density smaller than the value of Schmidt model makes the local mass density in the solar neighborhood too low. Therefore, the velocity dispersion of the missing mass component must be greater than 25 km/sec.
In the above discussion, the velocity dispersion of each component is assumed to be isotropic, although the obsen·ed one is anisotropic. Then, we investigate the effect of anisotropy of the velocity disperslOn. The degree of anisotropy is assumed as The result for the case l\T = 2 is shown in Fig. 7 . The point E is characterized by Otot = 110 1'11 8 /pc 2 , C 2 m = 25 km/sec, C 2 , = 12.5 km/sec and P2c = 2P1c.
As E is outside the stable region for a= 0.5, this case is not allowed. The point F is characterized by Otot = 110 llf 8 /pc 2 , Czm = 35 km/sec, Cz, = 17.5 km/sec and P2c = P1c.
As F is inside the stable region for a= 0.7, this case is allowed. In a result, even if the anisotropy of the velocity dispersions is taken into account, a must be greater than about 0.7, which coincides with the case of isotropic velocity dispersion.
Therefore, the directional mean of the velocity dispersion of the missing mass must be greater than about 25 km/sec. 
